
MASS 2023 Course: 

Gravitational Lenses

Predrag Jovanović

Astronomical Observatory Belgrade



1. Fermat potential and Fermat principle

2. Lensing time delay

3. Measuring lensing time delay from the observed light 
curves of gravitationally lensed quasars

4. Determination of H0 from the measured time-delays of 

gravitationally lensed quasars

5. Exercises

Lecture 08



● Lens equation can be rewritten like this: 

where ψ is deflection potential
● Fermat potential is the following function:
● Lens equation is then:
● Images appear at locations that 

correspond to extrema or saddle points       
in Fermat potential

Fermat potential

Myers S. T. PNAS 1999, 96, 4236



● D
Δt

 is the time-delay distance which 

is           and very weakly sensitive to 
Ω

M
 and Ω

Λ

●

● Estimates depend on lens model (ψ)

● Physical meaning of Fermat potential: it is, up to an affine 
transformation, the light travel time along a ray starting at position   , 
traversing the lens plane at position    and arriving at the observer

● Fermat principle: the physical light rays are those for which the light 
travel time is stationary

● Light travel time (physical time delay function) for a lensed image:

where τgeom is extra path length between observer and source, while 
τgrav is retardation due to gravitational potential (Shapiro delay)

Lensing time delay



Measuring the time delays from 
the light curves of the images



Determining H0 from lensing time delays

Schechter, 2005, IAU Symposium 225, 281



Time delay of the circularly symmetric lenses
• Total time delay between two images (up to the first order):

where <κ> is the mean surface density in the annulus between the 
images, Δθ and <θ> are the width and average radius of the annulus
• In practice, the second order term in Δt should not be neglected

• Power law density profiles for the annulus:

• SIS lens:

• Point-like lens:

• Realistic H0 estimate: between SIS
and point-like case

(Kochanek & Schechter,
2004, astro-ph/0306040)



Time-delay distance
● Expressing D

Δt
 in terms of D

C
:

● Dimensionless time-delay distance:

● Time-delay:

● d
Δt

 strongly depends on z
d
 and z

s
, 

very weakly on Ω
M 

 and Ω
Λ
, and does 

not depend on H
0
 at all

Right: dependence of d
Δt

 on z
s
, Ω

M 
 and Ω

Λ

(obtained by Python script "ddt.py")



Influence of matter structures along 
the line of sight

● Galaxies and other matter structures along the line of sight and close in 
projection to the main deflector may weakly focus and defocus the light 
rays from the source, and thus may influence the observed images and 
time delays

● The net effect of (de)focusing by such matter could be described by a 
constant external convergence term κext in the lens model

● κext may be positive or negative depending on whether focusing is 

larger than defocusing or vice versa
● Relation between the corrected (D∆t ) and the effective

              time-delay distance predicted by the model:

● The corresponding relation for the corrected H0:

where            is obtained by neglecting the weak external perturbers







Exam question
1. Fermat potential, lensing time delay and its application for determination 

of H0

Literature
Textbook:
● Gravitational Lensing: Strong, Weak and Micro, Book Series: Saas-Fee 

Advanced Courses

1. P. Schneider - Introduction to Gravitational Lensing and Cosmology

2. C. S. Kochanek - Strong Gravitational Lensing

3. P. Schneider - Weak Gravitational Lensing

4. J. Wambsganss - Gravitational Microlensing



Exercise 1
Measured time delay between 2 images of gravitational lens system 
HE2149-2745 is 103 days, positions of the images in respect to the lens 
galaxy are: xA = 0".714, yA = -1".150, and xB = -0".176, yB = 0".296, 
and redshifts of the source and lens are: zs = 2.03 and zd = 0.50. 
Estimate the value of H0, assuming SIS and point-like lens models, as 
well as the following cosmological model: ΩM = 0 and ΩΛ = 1.

Exercise 2
Estimate the value of H0 from HE2149-2745 time delay (take all 
necessary data from Exercise 1), assuming <κ> = 0.22 (Kochanek, 
2002, ApJ, 578, 25), and the realistic cosmological model: ΩM = 0.3 
and ΩΛ = 0.7. Use the Ned Wright's Javascript Cosmology Calculator 
(http://www.astro.ucla.edu/~wright/CosmoCalc.html) to quickly 
calculate the dimensionless time-delay distance.

http://www.astro.ucla.edu/~wright/CosmoCalc.html


Solution 1
● SIS lens:

● Point-like lens:



Solution 2

● Dimensionless time-delay distance:

● Hint: we can use an arbitrary value of H
0
 to calculate the required 

comoving distances because it will vanish by reducing the fraction 
for dΔt, and thus it will have no effect on the final result

For that purpose we can use e.g. H
0
 = 30 km/s/Mpc:

● Note: the above result could be further improved by taking into 
account the second order term in Δt
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