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1. Weak gravitational lensing

– Basic principles

– Shape distortions due to weak lensing: reduced shear

– Mass reconstructions from weak lensing

– Dark matter and its alternatives

– Detection of dark matter by weak lensing

2. Exercise

Lecture 10



Basic principles of weak lensing

Background galaxies in absence of lensing (left), and 
in the case of weak lensing by invisible foreground 
cluster of galaxies (right) 

Projected mass (shades of blue) and 
shear (white sticks)



Weak lensing: shear and surface mass density

● This technique is called mass reconstruction and is usually used in the case of 
clusters of galaxies

● Local averages of ellipticities of background galaxies  local shear estimates ⇒
(green sticks)  surface mass density mass map⇒

● An observed galaxy ellipticity is a 
combination of its intrinsic ellipticity and 
shear

● Shear can be estimated by averaging 
over many galaxy images, assuming that 
the intrinsic ellipticities are randomly 
oriented

● Thus, weak lensing can be used for 
measuring the local shear γ

● Both, shear γ and surface mass density κ 
are second partial derivatives of the 
deflection potential ψ  they are linearly ⇒
related

● Therefore, it is possible to derive the 
surface mass density κ from the 
measured values of shear γ 



Shape distortions due to weak lensing
• distortion matrix:                                                      where

is reduced shear
• mapping of a circular source of radius R to an ellipse with axes:

• the measured image ellipticities of a circular source yield the value of 

the reduced shear through the axis ratio:

• not the shear γ, but only the reduced shear g can be determined from galaxy 
ellipticities



Mass reconstructions from weak lensing
1.The Kaiser–Squires inversion:
• relation between shear γ and convergence κ in form of a convolution with the 

kernel D which describes the shear generated by a point mass:

• in Fourier space this convolution becomes a multiplication:
                                                      which can be inverted to yield:

• Fourier back-transformation
and by taking its real part ⇒
• Problem: integral extends over  ℝ2 but data are available only on a finite field

2.Finite-field inversions:
• κ is obtained from a shear measurement on a finite field
• a local relation γ and κ (Schneider 1995, A&A, 302, 639):

• in the case of reduced shear g:



Mass reconstruction: Example I
● Luppino & Kaiser 1997, ApJ, 475, 20:

Left: image of cluster of galaxies MS1054−03 with about 2400 measured 
galaxy ellipticities
Right: mass reconstruction (black), compared to light distribution (white)



Comparison between a HST image of the cluster Abell 851 (left) and 
the corresponding mass reconstruction by weak lensing (right)

Mass reconstruction: Example II



Top: contours show the 
mass reconstruction of the 
cluster A 1689 with contour 
spacing Δκ = 0.01

Bottom: the reduced shear 
profile and the best fitting 
SIS and NFW models

Mass 
reconstruction: 

Example III



Dark matter

● Hypothesis: a spherical dark matter halo around a spiral 
galaxy (Navarro, Frenk & White, 1996, АpЈ, 462, 563):

● Zwicky applied virial theorem to the motions of 
galaxies in the Coma Cluster ⇒ several hundred 
times more estimated than observable mass ⇒ 
"dunkle Materie" (Zwicky, 1933, HPA, 6, 110)

● Vera Rubin in the 1960s and 1970s: the observed 
rotation curves of spiral galaxies are flat ⇒ 6 
times as much dark as visible mass

● DM is composed from non-baryonic particles 
which are so weakly interacting that they move 
purely under the influence of gravity ⇒ it can be 
directly detected only by weak lensing

 Sofue & Rubin, 2001, ARA&A, 39, 137 



Gravitational lensing by dark matter

Gravitational lensing by a massive cluster of galaxies with two different 
distributions of the same amount of the dark matter over the cluster (orange), 
causing a particular distortion of the background galaxies (white and blue).





Spatial distribution of dark matter

● Dark matter constitutes about 5/6 of the 
total mass of the Universe
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Detection of dark matter in the case of 
"Bullet Cluster" (1E 0657-558)




Oposite example: Abell 520





Baryonic Tully-Fisher relation of gas rich 
galaxies (McGaugh 2011, PRL, 106, 121303)

NGC 1560

● Newtonian limit of GR for Λ ≠ 0 (Adler, Bazin 
& Schiffer, 1965):

● Modified Newtonian Dynamics (MOND):

● Flat rotation velocity:

Alternatives to dark matter: 
modified laws of dynamics 

and gravity

● Modified gravity (just one of many models):

● Constant circular velocity:

F⃗=m⋅μ( a
a0
)⃗a μ(x)=1 if |x|≫1

μ(x)=x if |x|≪1

ϕ (r )∝v0
2 ln r ⇒ vc

2(r )=r⋅d ϕ
dr

=v0
2





Exam question
1. Basic principles and shape distortions due to weak lensing and its 

application for detection of dark matter

Literature
Textbook:
● Gravitational Lensing: Strong, Weak and Micro, Book Series: Saas-Fee 

Advanced Courses

1. P. Schneider - Introduction to Gravitational Lensing and Cosmology

2. C. S. Kochanek - Strong Gravitational Lensing

3. P. Schneider - Weak Gravitational Lensing

4. J. Wambsganss - Gravitational Microlensing



Exercise 1
Consider the cluster of galaxies CL0024+17 
located in Pisces (see Fig in the right) and 
assume an axially-symmetric mass 
distribution for the cluster which can be 
described by the following parametric lens 
model with isothermal profile: 

Cluster of galaxies CL0024+17 

a) Plot the radial mass profile κ and reduced shear g as a function of 
angular separation θ from the cluster center in the range: 0'.5 < θ < 3'.

b)Plot the distorted images of four circular sources with radius R = 0'.1, 
located at x-axis and with the following angular separations from the 
cluster center: 0'.8, 1'.0, 1'.4 and 1'.8. Assume that shear direction is 
along x-axis.

where Einstein radius of the cluster is θE = 0'.5.



Solution 1a)

Solution is obtained by Python script "conv_shear.py"



Solution 1b)
Distorted images of circular sources are 
ellipses with major and minor axes:

Solution is obtained by Python script "weakl_circs.py"
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